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1. Motivation

•   In many cities of the developed and developing world, certain transit
services are overcrowded e.g London; Santiago, Chile; Sao Paulo, Brazil
and many others. such as cities in the PRC.

•   There is a need to model the congestion aboard the vehicles and the
increased waiting times since passengers may not be able to board the first
vehicle to arrive at a stop.

•   Most existing transit route choice models do not consider such capacity
effects. It is not sufficient to impose  a capacity constraint; one must be
able to model the increased waiting times.

     In some transit assignment models the demand overestimates the
supply offered certain lines. It would be useful to determine when the
demand can not be satisfied regardless of the route choice.
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2. Strategy Transit Assignment Model

· The transit assignment model implemented in EMME/2 is based on the
notion of optimal strategies

· The aim is to find the optimal strategy which minimizes the expected waiting
and  travel times for all transit travelers.

· Travelers choose among a set of attractive lines at a stop, choose the
alighting node and repeat the choice until they reach the destination.

· The notion of a strategy has become accepted as a sound way to model the
routing choices on a transit network
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Mathematical Formulation
the basic version

                   Min [total travel time + total waiting time]

      Subject to:    line segment flow .le. line frequency*total waiting time
                                           (for all nodes and all destinations)

                             flow conservation equations
                                           ( for all nodes and destinations)

                             line segment flows .ge.0 ( non-negativity)
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·  The algorithm that was developed to solve this problem is
implemented as module 5.31 in the EMME/2 software.

·  It  has been enhanced with  facilities to model generalized
costs, “additional options” which allow the analysis of the
generated strategies for “select link”, “select line”, etc…

· It is a very efficient and powerful  transit assignment and
analysis tool.

EMME/2 Implementation
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Modeling Congestion

· The modeling of congestion aboard the vehicles may be done by
associating congestion functions with the segments of transit lines to
reflect the crowding effects,

· The resulting model is nonlinear and leads to a transit equilibrium
model by resorting to Wardrop’s user optimal principle which, in the
case of strategy based transit assignment may be stated as:

· “  For all origin-destination pairs the strategies that carry flow
are of minimal generalized cost and the strategies that do not
carry flow are of a cost which is larger or equal to the minimal
cost.”

· This leads to a convex cost optimization problem.
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Mathematical Formulation
an enhanced version

      The resulting model is:

      Min [sum of integral of travel time functions + total waiting time]

Subject to:    line segment flow .le. line frequency*total  waiting time
                                           (for all nodes and all destinations)
              flow conservation equations;  non-negativity of line segment flows

· The model is solved by using an adaptation of the linear approximation
method.    Each sub-problem requires the computation of optimal strategies
for linear cost problems.

· This model does not consider that passengers can not board the first bus
to arrive due to the simple fact that it may be full.

· Hence it systematically underestimates the waiting times at stops.
   

( 
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The “ CONGTRAS”  Macro

· The solution algorithm for this problem was embedded in a macro
called  CONGTRAS. It was used in several applications.

·  Two such important and continuous applications are the RAILPLAN
model of Transport for London (previously London Transport) and
the PLANET model used by British Railways.

· This macro computes the solution of the nonlinear cost transit
assignment model with an efficient implementation of the linear
approximation algorithm and by computing the necessary line
search with a secant method.
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Effective Frequencies

· There is a need to model the limited capacity of the transit lines and
     the increased waiting times as the flows reach the capacity of the

vehicle.

· As the transit segments become congested, the comfort level
decreases and the waiting times increase. These phenomena are
modeled with increasing convex cost functions to model discomfort
and with increased headways to   model increased waiting times.

· The   mechanism used to model the increased waiting times is that
of ªeffective frequencyº.
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Effective Frequency
of a Transit Line Segment

•   The �� effective frequency��  of a line is defined as the frequency of
a line with infinite capacity and Poisson arrivals (exponentially
distributed inter-arrival times) which yields the waiting time obtained
by the adjusted headway.

·   The waiting time at a stop may be  modeled by using steady state
queuing formulae, which take into account the residual vehicle
capacity, the alightings and the boardings at stops.

·    The headway increases as the transit flow reaches capacity (but
can not exceed 999 in EMME/2).
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THE THEORETICAL FOUNDATION

· Recent research carried out by :
         -    Cominetti and Correa (2001) on the common lines problem with
                capacities,
          -     the doctoral thesis of Cepeda (2002) at the CRT, University of

Montreal,
          -     and the recent paper of  Cepeda, Cominetti and Florian (2004),
     [to be published in Transportation Research B] extended the transit

network equilibrium model to consider both congestion aboard the
vehicles and  effective frequencies.

· Wardrop’s equilibrium conditions for this version of the equilibrium
transit assignment model lead to a model that is considerably more
difficult since it does not have an equivalent differentiable convex cost
optimization formulation.
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3. A Gap Function for Transit
Equilibrium Assignment

· It is possible to show that an equilibrium transit flow is the solution of
the following optimization problem which has an optimal value of
zero:

·    The difference between the

    total travel time + total waiting time less the total travel time on

    shortest strategies should be zero (0).

·  Such a function is called a gap function and is similar to the gap
computation in the auto equilibrium assignment.
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The Resulting Optimization Problem  is:
     Min [total travel time + total waiting time - total travel time on shortest

strategies]

        Subject to:    line segment flow .le. line frequency*total waiting time
                                           (for all nodes and all destinations)
                             flow conservation equations
                                           ( for all nodes and destinations)
                             line segment flows .ge.0 ( non-negativity)

    This problem is very difficult since the constraints are nonlinear and the
objective function is nonlinear and nondifferentiable. It resembles the
linear cost formulation but is in fact much more difficult.

    How does one solve it ?
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4.  A Simple Algorithm

· Direct approaches to solve this problem as an optimization problem
did not yield tractable algorithms (after much effort…).

· Since the objective function is essentially a gap function, an
alternative simple approach is to use a heuristic method and
evaluate the deviation of a solution from an optimal solution by using
the value of the objective function.

· The solution method uses a sequence of strategies computations in
a successive averaging scheme.

· This is the well known method of successive averages (MSA)
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SUCCESSIVE AVERAGING ALGORITHM
(MSA)

STEP 0 (INITIALIZATION) :  Find  initial solution   for each line segment;

STEP 1 (UPDATE COSTS AND FREQUENCIES): new costs and headways
                based on current line segment flows;

STEP 2 (COMPUTE NEW LINEAR COST SOLUTION)
Solve the linear cost, fixed frequency optimal strategy problem to obtain

                a new flow;

STEP 3 (SUCCESSIVE AVERAGING)
           The step size is 1/iteration number;

STEP 4 (STOPPING CRITERION)
Compute the objective function value; If its value is sufficiently small – STOP.

      Otherwise, return to STEP 2.
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Some Remarks about the Algorithm
· It may very well be that there is no capacity feasible solution; that is,

there is insufficient capacity to carry all the demand. In such cases
the algorithm will not find an equilibrium solution. Hence, it is
interesting to use other convergence measures such as the number
of links over capacity and the maximum segment v/c ratio.

· If there is a feasible solution, but the initial solution is not capacity
feasible, then the algorithm will first find a feasible solution and
then the approximate equilibrium solution.

· If the solution is not capacity feasible then allow the ªwalkº mode on
the links of the network. The resulting pedestrian flows on these arcs,
than can not be accommodated in transit vehicles, would
indicate the corridors that have insufficient capacity or that demand
is over estimated.
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EMME/2 Implementation Issues

· The algorithm can be implemented quite easily by using the
EMME/2 macro language since the main computational engine is
module 5.31.

· This module has the nice facility of specifying segment specific
ªperceived headwaysº which is essential in the development of an
algorithm

· An ªinternal º modified version of module 5.31 was used to compute
the gap function and the algorithm was implemented in an EMME/2
macro which is designated CAPTRAS.
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5. Some Computational Issues

· The MSA algorithm was applied to two transit networks that were used
for test purposes:

· One is the one provided with the Winnipeg data bank. There is an O-D
matrix for the base year and one for a future year.

· The other network is originates from Stockholm and it covers the inner
transit network of the city. An O-D matrix was available for a base year.

· The last one is an application to the STGO multi-modal model of
Santiago, Chile.

· The effective frequency functions were inspired from queuing theory and
          have the functional form:

hdwy
min  [ ,999]

boardings
1-( )

residual capacity
a
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5.1 The Winnipeg Results

· The MSA algorithm was applied :

          -   by using the base year O-D matrix, which results in a feasible
assignment and

         -   the future year O-D matrix which results in a capacity infeasible
assignment.

· For each scenario tested the convergence results include the
relative gap, the number of links over capacity and the maximum
segment v/c ratio.
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Convergence: Relative Gap

CAPTRAS Convergence Curve
(relative gap)
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Convergence: Excess Volume %
 Capacity feasible solution found after 9 iterations

CAPTRAS Convergence 
(excess volume %)
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Convergence: Maximum Segment
v/c ratio

CAPTRAS Convergence
max. segment v/c
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Winnipeg Base Year:
Difference Between Equilibrated Flows and Initial Flows
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Winnipeg Line 15ae:
Initial Flow and Equilibrated Flow

Initial flow

Equilibrated flow
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Winnipeg: Future Year
Convergence

The solution is not capacity feasible
CAPTRAS Convergence Curve

(relative gap)
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Note that the relative gap is > 4.5%
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Convergence: Excess Volume %

CAPTRAS Convergence 
(excess volume %)
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Convergence: Maximum Segment
v/c Ratio

CAPTRAS Convergence
max. segment v/c
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Winnipeg Future Year:
The Flows Are Not Capacity Feasible

Note the large green pedestrian flows
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5.2 The Stockholm Results

· The MSA algorithm was applied by using the base year O-D matrix,
which results in an almost feasible assignment.

· For the scenario tested the convergence results include the relative
gap, the number of links over capacity and the maximum segment
v/c ratio at each iteration.
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Relative Gap – Stockholm
The flows are nearly capacity feasible

CAPTRAS Convergence Curve
(relative gap)
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Convergence: Excess Volume %

CAPTRAS Convergence 
(excess volume %)
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Convergence: Maximum Segment
v/c Ratio

CAPTRAS Convergence
max. segment v/c
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Stockholm: Initial Flows
The green pedestrian flows are on connectors
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Stockholm: Equilibrated Flows:
Note the green pedestrian flows on links
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Stockholm :
Difference Between Equilibrated Solution and Initial Solution
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5.3 The Santiago, Chile Results

· The MSA algorithm was imbedded into an equilibration procedure
used for a multi-mode, multi-class model that may be formulated as
a well defined analytical form, that of a variational inequality

· For the scenario tested the capacity constraints were applied only to
the metro mode, which was over simulated when no capacity  limits

     were imposed.

· The equilibration algorithm was run for 25 iterations.
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Convergence of equilibration

Relative Gap vs. Iterations
congested vs. non-congested metro assignment 
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Metro Volume - metro line 5A
non-congested version
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Metro Volume - metro line 5A
congested version
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Auto-metro volume
(non-congested vs. congested version)

Congested

Non-congested
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Waiting Time Changes
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6. Conclusions

· The MSA algorithm may be used to compute approximate transit
network equilibrium solutions when the vehicle capacities must be
respected and the increased waiting times at stops are relevant.

· The equilibrium solution of this capacitated model is not necessarily
unique.

·  When capacities are very constraining it is  an excellent tool for
verifying the relation between demand for and supply of transit
services.

· The  CAPTRAS macro is posted on the INRO web site.


